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1. Introduction
In this paper, we consider the Schrödinger differential operator
L = − + V (x) on Rn, n 3,
where V (x) is a nonnegative potential belonging to the reverse Hölder class Bq for q n/2.
A nonnegative locally Lq integrable function V (x) on Rn is said to belong to Bq (q > 1) if there exists C > 0 such that
the reverse Hölder inequality(
1
|B|
∫
B
V q dx
)1/q
 C
(
1
|B|
∫
B
V dx
)
holds for every ball B in Rn; see [10].
For x ∈ Rn , the function mV (x) is deﬁned by
1
mV (x)
= sup
r>0
{
r:
1
rn−2
∫
B(x,r)
V (y)dy  1
}
.
Let p ∈ [1,∞), α ∈ (−∞,∞) and λ ∈ [0,n). For f ∈ Lploc(Rn) and V ∈ Bq (q > 1), we say f ∈ Lp,λα,V (Rn) (Morrey spaces
related to the nonnegative potential V ) provided that
‖ f ‖p
Lp,λα,V (R
n)
= sup
B(x0,r)⊂Rn
(
1+ rmV (x0)
)α
r−λ
∫
B(x0,r)
∣∣ f (x)∣∣p dx< ∞,
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space Lp,λα,V (R
n) is the class Morrey space Lp,λ(Rn) (Lp,λ(Rn) was ﬁrst introduced in [8], some new properties of Lp,λ(Rn)
have been studied in [1,6,12]). It is easy to see that Lp,λα,V (R
n) ⊂ Lp,λ(Rn) for α > 0, and Lp,λ(Rn) ⊂ Lp,λα,V (Rn) for α < 0.
Shen [10] showed the Schrödinger type operators ∇(−+ V )−1∇ , ∇(−+ V )−1/2 and (−+ V )−1/2∇ are the standard
Calderón–Zygmund operators provided that V ∈ Bn . In particular, the kernels K of above operators satisfy the following
inequality
∣∣K (x, y)∣∣ Ck
(1+ |x− y|mV (x))k
1
|x− y|n (1.1)
for any k ∈ N.
From [10], we know that there exists a nonnegative potential V ∈ Bq with q < n so that these operators ∇(−+ V )−1∇ ,
∇(− + V )−1/2 and (− + V )−1/2∇ may be not bounded on Lp for all 1 < p < ∞. Hence, in the rest of this paper, we
always assume that T is one of the Schrödinger type operators ∇(− + V )−1∇ , ∇(− + V )−1/2 and (−+ V )−1/2∇ with
V ∈ Bn .
It is well known that the boundedness of the standard Calderón–Zygmund operators and their commutators have been
established on the class Morrey spaces (see [5]). Hence, it will be an interesting question whether we can establish the
boundedness of Schrödinger type operators on the Morrey spaces related to certain nonnegative potentials. The main pur-
pose of this paper is to answer the above question. More precisely, we obtain the following results.
Theorem 1.1. Suppose α ∈ (−∞,∞) and λ ∈ (0,n).
(i) If 1< p < ∞, then
‖T f ‖
Lp,λα,V (R
n)
 C‖ f ‖
Lp,λα,V (R
n)
,
where C is independent of f .
(ii) If p = 1, then for any t > 0,
t
(
1+ rmV (x)
)α∣∣{y ∈ B(x, r): ∣∣T f (y)∣∣> t}∣∣ Crλ‖ f ‖L1,λα,V (Rn)
holds for all balls B, where C is independent of x, r, t and f .
Let b ∈ BMO (see its deﬁnition in [11]), we deﬁne the commutator of T by
[b, T ] f = bT f − T (bf ).
Theorem 1.2. Suppose b ∈ BMO, α ∈ (−∞,∞) and λ ∈ (0,n).
(i) If 1< p < ∞, then∥∥[b, T ] f ∥∥
Lp,λα,V (R
n)
 C‖ f ‖
Lp,λα,V (R
n)
,
where C is independent of f .
(ii) If p = 1, then for any t > 0,
r−λ
(
1+ rmV (x)
)α∣∣{y ∈ B(x, r): ∣∣[b, T ] f (y)∣∣> t}∣∣ C sup
B(x,r)⊂Rn
(
1+ rmV (x)
)α
r−λ
∫
B(x,r)
| f (y)|
t
ln
(
2+ | f (y)|
t
)
dy
holds for all balls B, where C is independent of x, r, t and f .
Next, we consider the boundedness of fractional integrals related to Schrödinger operators.
Let L = − + V with V ∈ Bq for q n/2 and its associated semigroup:
Tt f (x) = e−tL f (x) =
∫
Rn
kt(x, y) f (y)dy, f ∈ L2
(
R
n), t > 0. (1.2)
The L-fractional integral operator is deﬁned by
Iβ f (x) = L−β/2 f (x) =
∞∫
0
e−tL f (x)tβ/2−1 dt for 0< β < n.
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(i) If 1< p < n/β , 1/q = 1/p − β/n, θ = q/p and 0< λ < n/θ , then
‖Iβ f ‖Lq,θλα,V (Rn)  C‖ f ‖Lp,λα,V (Rn),
where C is independent of f .
(ii) If p = 1 and q = n/(n − β), then for any t > 0,
t
(
1+ rmV (x)
)α∣∣{y ∈ B(x, r): ∣∣Iβ f (y)∣∣> t}∣∣1/q  Crλ‖ f ‖L1,λα,V (Rn)
holds for all balls B, where C is independent of x, r, t and f .
Let b ∈ BMO, we deﬁne the commutator of Iβ by
[b,Iβ ] f = bIβ f − Iβ(bf ).
Theorem 1.4. Let b ∈ BMO, V ∈ Bn/2 , α ∈ (−∞,∞) and 0< β < n.
(i) If 1< p < n/β , 1/q = 1/p − β/n, θ = q/p and 0< λ < n/θ , then∥∥[b,Iβ ] f ∥∥Lq,θλα,V (Rn)  C‖ f ‖Lp,λα,V (Rn),
where C is independent of f .
(ii) If p = 1 and q = n/(n − β), then for any t > 0,
r−λ
(
1+ rmV (x)
)α∣∣{y ∈ B(x, r): ∣∣[b,Iβ ] f (y)∣∣> t}∣∣
 C sup
B(x,r)⊂Rn
(
1+ rmV (x)
)α
r−λΦ
( ∫
B(x,r)
| f (y)|
t
ln
(
2+ | f (y)|
t
)
dy
)
holds for all balls B, where Φ(t) = [t log(2+ tβ/n)]n/(n−β) , and C is independent of x, r, t and f .
We remark that even in the classical Morrey space, the above results about the case p = 1 in Theorems 1.2 and 1.4 are
also new; see [5].
Throughout this paper, C is a positive constant which is independent of the main parameters and not necessary the
same at each occurrence.
2. Proof of Theorems 1.1 and 1.2
We ﬁrst introduce some notations and recall some properties of the auxiliary function mV (x). We need the following
lemma about mV (x).
Lemma 2.1. (See [10].) Suppose V ∈ Bq with q n/2. Then there exist positive constants C and k0 such that
(a) mV (x) ∼mV (y) if |x− y| CmV (x) ,
(b) mV (y) C(1+ |x− y|mV (x))k0mV (x),
(c) mV (y) CmV (x)
(1+|x−y|mV (x))k0/(k0+1) .
Proof of Theorem 1.1. Without loss of generality, we may assume that α < 0. Pick any x0 ∈ Rn and r > 0, and write
f (x) = f0(x) +
∞∑
i=1
f i(x),
where f0 = χB(x0,2r) f , f i = χB(x0,2i+1r)\B(x0,2i r) f for i  1. Hence, we have( ∫
B(x0,r)
∣∣T f (x)∣∣p dx)1/p  ( ∫
B(x0,r)
∣∣T f0(x)∣∣p dx
)1/p
+
∞∑
i=1
( ∫
B(x0,r)
∣∣T fi(x)∣∣p dx
)1/p
. (2.1)
By the Lp boundedness of T , we obtain∫ ∣∣T f0(x)∣∣p dx C(1+ rmV (x0))−αrλ‖ f ‖p
Lp,λα,V (R
n)
. (2.2)B(x0,r)
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B(x0,r)
∣∣T fi(x)∣∣p dx C
∫
B(x0,r)
( ∫
B(x0,2i+1r)\B(x0,2i r)
∣∣K (x, y) f (y)∣∣dy)p dx
 Ck
∫
B(x0,r)
1
(1+ 2irmV (x))kp
(
2ir
)−n ∫
B(x,2i+2r)
∣∣ f (y)∣∣p dy dx
 Ck
(
2ir
)λ−n ∫
B(x0,r)
(1+ 2irmV (x0))−α
(1+ 2irmV (x))kp dx‖ f ‖
p
Lp,λα,V (R
n)
 Ck
(
2i
)λ−n
rλ
(1+ 2irmV (x0))−α
(1+ 2irmV (x0)/(1+ rmV (x0))k0/(k0+1))kp ‖ f ‖
p
Lp,λα,V (R
n)
 Ck
(
2i
)λ−n
rλ
(1+ 2irmV (x0))−α
(1+ 2irmV (x0))(kp)/(k0+1) ‖ f ‖
p
Lp,λα,V (R
n)
. (2.3)
From (2.1)–(2.3) with k = (−[α] + 1)(k0 + 1), we obtain
‖T f ‖
Lp,λα,V (R
n)
 C‖ f ‖
Lp,λα,V (R
n)
.
As for the case p = 1 the proof can be given by replacing (2.2) with the corresponding weak estimate. 
Proof of Theorem 1.2. Without loss of generality, we may assume that α < 0. Pick any x0 ∈ Rn and r > 0, as in the proof of
Theorem 1.1, we write
f (x) = f0(x) +
∞∑
i=1
f i(x).
By the Lp boundedness of [b, T ], we get∫
B(x0,r)
∣∣[b, T ] f0(x)∣∣p dx C(1+ rmV (x0))−αrλ‖ f ‖p
Lp,λα,V
(
Rn
).
Set
br = 1|B(x0, r)|
∫
B(x0,r)
b(x)dx.
When i  1, by Lemma 2.1 and the John–Nirenberg inequality, we have( ∫
B(x0,r)
∣∣[b, T ] f i(x)∣∣p dx
)1/p
 Ck
(1+ 2irmV (x0))k/(k0+1) 2
−in
×
{( ∫
B(x0,r)
∣∣b(x) − br∣∣p dx
)1/p ∫
B(x0,2i+1r)
∣∣ f (y)∣∣dy + rn/p ∫
B(x0,2i+1r)
∣∣b(y) − br∣∣∣∣ f (y)∣∣dy
}
 Cki‖b‖BMO(2i)λ−nrλ 1
(1+ 2irmV (x0))k/(k0+1)+α/p ‖ f ‖
p
Lp,λα,V (R
n)
. (2.4)
If take k = (−[α] + 1)(k0 + 1) in (2.4), then we obtain∥∥[b, T ] f ∥∥
Lp,λα,V (R
n)
 C‖ f ‖
Lp,λα,V (R
n)
.
It remains to consider the case p = 1. From [9], we know that for any t > 0
∣∣{y ∈ Rn: ∣∣[b, T ] f (y)∣∣> t}∣∣ C ∫
Rn
| f (x)|
t
ln
(
2+ | f (x)|
t
)
dx.
From this, we have
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(
1+ rmV (x0)
)α∣∣{y ∈ B(x0, r): ∣∣[b, T ] f0(y)∣∣> t}∣∣
 C
(
1+ rmV (x0)
)α
r−λ
∫
B(x0,r)
| f (x)|
t
ln
(
2+ | f (x)|
t
)
dx. (2.5)
Set
b2i+1r =
1
|B(x0,2i+1r)|
∫
B(x0,2i+1r)
b(x)dx.
When i  1, by Lemma 2.1 with k = (−[α] + 1)(k0 + 1) and the John–Nirenberg inequality, we get
r−λt−1
(
1+ rmV (x)
)α ∫
B(x0,r)
∣∣[b, T ] f i(y)∣∣dy
 Ck(1+ 2
irmV (x0))α
(1+ rmV (x0))k/(k0+1)+α
(
2ir
)−n
r−λ
(
1+ rmV (x0)
)α
t−1
×
{ ∫
B(x0,r)
∣∣b(x) − b2i+1r∣∣dx
∫
B(x0,2i+1r)
∣∣ f (y)∣∣dy + rn ∫
B(x0,2i+1r)
∣∣b(y) − b2i+1r∣∣∣∣ f (y)∣∣dy
}
 Ci
(
1+ 2irmV (x0)
)α
2−inr−λt−1
(
|Bi |‖b − b2i+1r‖exp L,Bi‖ f ‖L log L,Bi +
∫
Bi
∣∣ f (y)∣∣dy)
 Ci
(
1+ 2irmV (x0)
)α
2−inr−λ|Bi|t−1 inf
w>0
{
w + w|Bi |
∫
Bi
| f (y)|
w
log
(
2+ | f (y)|
w
)
dy
}
+ C
t
(
1+ 2irmV (x0)
)α
2−inr−λ
∫
Bi
∣∣ f (y)∣∣dy
 Ci2−i(n−λ)
(
1+ 2irmV (x0)
)α(
2inr
)−λ ∫
Bi
| f (y)|
t
log
(
2+ | f (y)|
t
)
dy, (2.6)
where in the second and third inequality, we used the following facts (see [9]):
‖ f ‖L log L,B = inf
{
λ > 0:
1
|B|
∫
B
| f (y)|
λ
log
(
2+ | f (y)|
λ
)
dy  10
}
and
‖ f ‖exp L,B = inf
{
λ > 0:
1
|B|
∫
B
exp
( | f (y)|
λ
)
dy  10
}
;
the generalized Hölder inequality
1
|B|
∫
B
∣∣ f (y)h(y)∣∣dy  C‖ f ‖L log L,B‖h‖exp L,B
and
‖ f ‖L log L,B  inf
w>0
{
w + w|B|
∫
B
| f (y)|
w
log
(
2+ | f (y)|
w
)
dy
}
 2‖ f ‖L log L,B .
Combing (2.5) and (2.6), we obtain that
r−λ
(
1+ rmV (x)
)α∣∣{y ∈ B(x, r): ∣∣[b, T ] f (y)∣∣> t}∣∣ C sup
B(x,r)⊂Rn
(
1+ rmV (x)
)α
r−λ
∫
B(x,r)
| f (y)|
t
ln
(
2+ | f (y)|
t
)
dy
holds for all balls B , where C is independent of x, r, t and f .
Thus, Theorem 1.2 is proved. 
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We ﬁrst need the following lemma.
Lemma 3.1. (See [4].) Let kt(x, y) be as in (1.2). For every nonnegative integer k, there is a constant Ck such that
0 kt(x, y) Ckt−n/2 exp
(
−|x− y|
2
5t
)(
1+ √tmV (x) +
√
tmV (y)
)−k
.
Proof of Theorem 1.3. Without loss of generality, we may assume that α < 0. Pick any x0 ∈ Rn and r > 0, as the proof of
Theorem 1.1, we write
f (x) = f0(x) +
∞∑
i=1
f i(x).
Hence, we have( ∫
B(x0,r)
∣∣Iβ f (x)∣∣q dx
)1/q

( ∫
B(x0,r)
∣∣Iβ f0(x)∣∣q dx
)1/q
+
∞∑
i=1
( ∫
B(x0,r)
∣∣Iβ f i(x)∣∣q dx
)1/q
.
Let θ = q/p. By the Lp − Lq boundedness of Iβ (see [11]), we get∫
B(x0,r)
∣∣Iβ f0(x)∣∣q dx C(1+ rmV (x0))αrθλ‖ f ‖q
Lp,λα,V (R
n)
.
For x ∈ B(x0, r) and y ∈ Rn \ B(x0,2r), we claim that for any N ∈ N, there exists a CN such that
∞∫
0
t−(n−β)/2−1kt(x, y)dt 
CN
(1+ |x0 − y|mV (x0))N
1
|x0 − y|n−β . (3.1)
In fact, let r0 = 1/mV (x0) and r1 = |x0 − y|. Without loss of generality, we may assume r0  r1, otherwise, (3.1) holds
obviously. Then
∞∫
0
tβ/2−1kt(x, y)dt =
|y−x0|2∫
0
tβ/2−1kt(x, y)dt +
∞∫
|y−x0|2
tβ/2−1kt(x, y)dt
= I + II.
For II, by Lemmas 3.1 and 2.1, we have
II Ck
∞∫
|y−x0|2
t−(n−β)/2−1 exp
(
−|x− y|
2
5t
)(
1+ √tmV (x)
)−k
dt
 Ck
(
1+ |y − x0|mV (x)
)−k ∞∫
|y−x0|2
t−(n−β)/2−1 dt
 Ck
(
1+ |y − x0|mV (x0)
)−k/k0 |y − x0|β−n
 CN
(
1+ |y − x0|mV (x0)
)−[k/k0]|y − x0|β−n,
taking N = [k/k0].
For I , by Lemmas 3.1 and 2.1 again, we have
I  C
r20∫
0
t−(n−β)/2−1 exp
(
−|x− y|
2
5t
)
dt + C
r21∫
r20
t−(n−β)/2−1 exp
(
−|x− y|
2
5t
)
dt
 Crβ−n1
∞∫
r2/r2
t−(n−β)/2−1 exp(−t/20)dt + C(r0)−(n−β)−2r21 exp
(
− r
2
1
20r20
)
1 0
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(
− r
2
1
40r20
)
+ C(r0)−(n−β)−2r21 exp
(
− r
2
1
20r20
)
 CN
(
1+ |y − x0|mV (x0)
)−N |y − x0|β−n.
Thus (3.1) is proved.
From (3.1), we obtain∫
B(x0,r)
∣∣Iβ f i(x)∣∣q dx C
∫
B(x0,r)
( ∞∫
0
∫
B(x0,2i+1r)\B(x0,2i r)
∣∣kt(x, y) f (y)∣∣dy tβ/2−1 dt
)q
dx
 CN
∫
B(x0,r)
(2ir)−(n/p−β)q
(1+ 2irmV (x0))Nq
( ∫
B(x02i+2r)
∣∣ f (y)∣∣p dy)q/p dx
 CN
(
2ir
)λθ−n ∫
B(x0,r)
1
(1+ 2irmV (x0))(N+α/p)q dx‖ f ‖
q
Lp,λα,V (R
n)
 CN
(
2i
)λθ−n
rλθ‖ f ‖q
Lp,λα,V (R
n)
,
where N = −[α] + 1.
Note that θλ < n. So
‖Iβ f ‖Lq,θλα,V (Rn)  C‖ f ‖Lp,λα,V (Rn).
As for the case p = 1 the proof is similar. 
Proof of Theorem 1.4. Without loss of generality, we may assume that α < 0. Pick any x0 ∈ Rn and r > 0, as in the proof of
Theorem 1.1, we write
f (x) = f0(x) +
∞∑
i=1
f i(x).
Let θ = q/p. By the Lp boundedness of [b, T ], we get∫
B(x0,r)
∣∣[b,Iβ ] f0(x)∣∣q dx C(1+ rmV (x0))−αrθλ‖ f ‖q
Lp,λα,V (R
n)
.
Set
br = 1|B(x0, r)|
∫
B(x0,r)
b(x)dx.
When i  1, by (3.1) and the John–Nirenberg inequality, we have( ∫
B(x0,r)
∣∣[b,Iβ ] f i(x)∣∣q dx
)1/q
 CN
(1+ 2irmV (x0))N
(
2ir
)−(n−β)
×
{( ∫
B(x0,r)
∣∣b(x) − br∣∣q dx
)1/q ∫
B(x0,2i+1r)
∣∣ f (y)∣∣dy + rn/q ∫
B(x0,2i+1r)
∣∣b(y) − br∣∣∣∣ f (y)∣∣dy
}
 CN i‖b‖BMO 2
i(λ/p−n/q)rλ/p
(1+ rmV (x0))(N+α/p) ‖ f ‖Lp,λα,V (Rn)
 CN i‖b‖BMO2i(λ/p−n/q)‖ f ‖Lp,λα,V (Rn),
taking N = −[α] + 1 in the last inequality.
Then,∥∥[b,Iβ ] f ∥∥Lq,θλα,V (Rn)  C‖ f ‖Lp,λα,V (Rn).
It remains to consider the case p = 1 and q = n/(n − β). From [2] and [3], we know∣∣{y ∈ Rn: ∣∣[b,Iβ ] f (y)∣∣> t}∣∣ CΦ
( ∫
Rn
| f (x)|
t
ln
(
2+ | f (x)|
t
)
dx
)
,
where Φ(t) = [t log(2+ tβ/n)]n/(n−β) .
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r−λ
(
1+ rmV (x0)
)α∣∣{y ∈ B(x0, r): ∣∣[b,Iβ ] f0(y)∣∣> t}∣∣
 C sup
B(x0,r)⊂Rn
(
1+ rmV (x0)
)α
r−λΦ
( ∫
B(x0,r)
| f (x)|
t
ln
(
2+ | f (x)|
t
)
dx
)
. (3.2)
Set
b2i+1r =
1
|B(x0,2i+1r)|
∫
B(x0,2i+1r)
b(x)dx.
When i  1, by (3.1) with N = −[α] + 1, we obtain
r−λt−q
(
1+ r0mV (x0)
)α ∫
B(x0,r)
∣∣[b,Iβ ] f i(y)∣∣q dy
 CN
(1+ 2irmV (x0))Nq
(
2ir
)−(n−β)q
r−λ
(
1+ rmV (x0)
)α
t−q
×
{ ∫
B(x0,r)
∣∣b(x) − b2i+1r∣∣q dx
( ∫
B(x0,2i+1r)
∣∣ f (y)∣∣dy)q + rn( ∫
B(x0,2i+1r)
∣∣b(y) − b2i+1r∣∣∣∣ f (y)∣∣dy
)q}
 Ciq
(
1+ 2irmV (x0)
)α(
2ir
)−(n−β)q
r−λt−qrn
(
|Bi |‖b − b2i+1r‖exp L,Bi‖ f ‖L log L,Bi +
∫
Bi
∣∣ f (y)∣∣dy)q
 Ciq
(
1+ 2irmV (x0)
)α(
2ir
)−(n−β)q
r−λrn
(
|Bi |t−1 inf
w>0
{
w + w|Bi |
∫
Bi
| f (y)|
w
log
(
2+ | f (y)|
w
)
dy
})q
+ Ciq(1+ 2irmV (x0))α(2ir)−(n−β)qr−λrn
(∫
Bi
| f (y)|
t
dy
)q
 Ciq2−i(n−β+λ/q)q
(
1+ 2irmV (x0)
)α(
2inr
)−λ(∫
Bi
| f (y)|
t
log
(
2+ | f (y)|
t
)
dy
)q
.
Hence 0< n − β + λ/q implies
r−λ
(
1+ rmV (x0)
)α∣∣∣∣∣
{
y ∈ B(x0, r):
∣∣∣∣∣[b,Iβ ]
( ∞∑
i=1
f i
)
(y)
∣∣∣∣∣> t
}∣∣∣∣∣
 C
( ∞∑
i=1
(
r−λt−q
(
1+ rmV (x0)
)α ∫
B(x0,r)
∣∣[b,Iβ ] f i(y)∣∣q dy
)1/q)q
 C
( ∞∑
i=1
i2−i(n−β+λ/q)
(
1+ 2irmV (x0)
)α/q(
2inr
)−λ/q ∫
Bi
| f (y)|
t
log
(
2+ | f (y)|
t
)
dy
)q
 C sup
B(x0,r)⊂Rn
(
1+ rmV (x0)
)α
r−λ
( ∫
B(x0,r)
| f (x)|
t
ln
(
2+ | f (x)|
t
)
dx
)q
. (3.3)
By (3.2) and (3.3), we obtain the desired result. This completes the proof. 
4. The Calderón–Zygmund inequality
For the open set Ω ⊂ Rn and V ∈ Bn , we say f ∈ Lp,λα,V (Ω) if
‖ f ‖p
Lp,λα,V (Ω)
= sup
B(x0,r)⊂Rn
(
1+ rmV (x0)
)α
r−λ
∫
B(x0,r)∩Ω
∣∣ f (x)∣∣p dx< ∞.
In this section, we consider the behavior of the solution of the following Schrödinger equation
(− + V )u = f (x), a.e. x ∈ Ω,
where f ∈ Lp,λ (Ω), 1< p < ∞, 0< λ < n and α ∈ (−∞,∞).α,V
L. Tang, J. Dong / J. Math. Anal. Appl. 355 (2009) 101–109 109Theorem 4.1. Let Ω be an open set in Rn and α ∈ (−∞,∞). If f ∈ Lp,λα,V (Ω), then there exists a function u ∈ Lq,θλα,V (Ω), where
1< p < n/2, 1/p − 1/q = 2/n, θ = q/p and 0< λ < n/θ such that
(− + V )u = f (x), a.e. x ∈ Ω.
Furthermore,∥∥D2u∥∥
Lp,λα,V (Ω)
 C‖ f ‖
Lp,λα,V (Ω)
, (4.1)
where 1< p < ∞ and 0< λ < n;
‖Du‖
L
q,θ1λ
α,V (Ω)
 C‖ f ‖
Lp,λα,V (Ω)
, (4.2)
where 1< p < n, 1/p − 1/q = 1/n, θ1 = q/p and 0< λ < n/θ1;
‖u‖
Lq,θλα,V (Ω)
 C‖ f ‖
Lp,λα,V (Ω)
, (4.3)
where 1< p < n/2, 1/p − 1/q = 2/n, θ = q/p and 0< λ < n/θ .
Proof. From the proof of Theorem 1.3, we have
‖u‖
Lq,θλα,V (Ω)
 C‖I2 f ‖Lq,θλα,V (Ω)  C‖ f ‖Lp,λα,V (Ω).
From the proof of Theorem 1.1, we obtain∥∥D2u∥∥
Lp,λα,V (Ω)
 C
∥∥D2L−1 f ∥∥
Lp,λα,V (Ω)
 C‖ f ‖
Lp,λα,V (Ω)
.
Thus, (4.1) and (4.3) hold.
From p. 543 in [10], we know
∣∣DxΓ (x, y)∣∣ Ck
(1+ |x− y|mV (x))k
1
|x− y|n−1 , (4.4)
where Γ (x, y) is the fundamental solution for L = − + V .
Using (4.4) and adapting the argument for Theorem 1.3, we then have
‖Du‖
L
q,θ1λ
α,V (Ω)
 C
∥∥DL−1 f ∥∥
L
q,θ1λ
α,V (Ω)
 C‖ f ‖
Lp,λα,V (Ω)
.
Thus, (4.2) holds. Hence, Theorem 4.1 is proved. 
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